ALGEBRAIC CYCLES AND COMPLETIONS OF 
EQUIVARIANT fT-THEORY 

DAN EDIDIN AND WILLIAM GRAHAM 

Abstract. Let G be a complex, linear algebraic group acting 
on an algebraic space X. The purpose of this paper is to prove a 
Riemann-Roch theorem (Theorem l5.5[) which gives a description of 
the completion of the equivariant Grothendieck group G (G, X) ® 
C at any maximal ideal of the representation ring R(G) ® C in 
terms of equivariant cycles. The main new technique for proving 
this theorem is our non-abelian completion theorem (Theorem l4.3|) 
for equivariant if -theory. Theorem 14.31 generalizes the classical 
localization theorems for diagonalizable group actions to arbitrary 
groups. 
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1. Introduction 

The now-classic Riemann-Roch theorem of Baum, Fulton and MacPher- 
son |BFMt IFul] states that for any separated algebraic space X there 
is a natural isomorphism between the Grothendieck group Gq(X) of 
coherent sheaves on X and the Chow group CH*X of cycles on 
When a linear algebraic group G acts on X, the equivariant Riemann- 
Roch problem is to relate the equivariant Grothendieck group Gq(G, X) 
of G-equivariant coherent sheaves and the G-equivariant Chow group 
CHqX. In contrast to the non-equivariant case, elements of Gq(G,X) 
cannot in general have unique representations by equivariant algebraic 
cycles. For example, if G is a finite group and X is a point then 
Gq(G, X) = C r , where r is the number of conjugacy classes in G, while 
CHq(X) = C. To obtain precise results we must use the fact that the 
equivariant Grothendieck group is a module for the representation ring 
R(G). 

The main theorem of |EG2j is an equivariant Riemann-Roch isomor- 
phism between the completion of Gq{G, X) at the ideal in R(G) of vir- 
tual representations of rank (the augmentation ideal) and the infinite 
product of equivariant Chow groups X\^ = qCHq(X). Hence elements 
of the augmentation completion of Gq(G,X) may be represented by 
equivariant cycles. An obvious problem is to determine whether other 
completions of Gq(G,X) admit geometric descriptions. 

One of the goals of this paper is to solve this problem for completions 
of Gq(G,X) at maximal ideals in R(G) when G is a complex algebraic 
group. Because we are using complex coefficients, maximal ideals in 
R(G) correspond bijectively to semisimple conjugacy classes in G. The 
correspondence takes a semisimple conjugacy class \P to m$, the max- 
imal ideal of virtual representations whose characters vanish at the 
augmentation ideal corresponds to the conjugacy class of the identity 
element of G. In this paper we generalize the results of [EG2J by prov- 
ing that if h is an element of \I/ with centralizer Z, then elements of the 
m^-adic completion of G (G, X) can be represented by Z-equivariant 



Throughout this paper all i^-groups and Chow groups are taken with complex 
coefficients. 
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cycles on the fixed subspace X h . Precisely, we prove (Theorem 15.51) 
that for any G-space X, there is a natural Riemann-Roch isomorphism 
r* from the m^-adic completion of G (G, X) to the infinite product 
n^Lo CHz(X h ). When X is a smooth scheme, there is an explicit 
formula for r* in terms of Chern characters and Todd classes. 

The equivariant Riemann-Roch theorem proved here follows from 
our non-abelian completion theorem (Theorem 14.3}) . a result of inde- 
pendent interest. The progenitor for Theorem 14.31 is the classical local- 
ization theorem originally proved by Segal Seg| for Lie group actions, 



and extended to algebraic i-T-theory by Nielsen [Nie ] and Thomason 
[Tho2j . It states that if G is a diagonalizable group (e.g., a torus) 

and h is an element of G, then the pushforward G(G,X h ) ^ G(G,X) 
becomes an isomorphism after localizing at the maximal ideal of 
R(G). (Here G{G,X) denotes the infinite direct sum of equivariant 
if-groups ©^i G n (G, X).) Moreover, if X is smooth then there is an 
explicit localization formula 



(1) a 



i a 



A-i(A?) 



where a G G(G,X) mh and N* is the conormal bundle of the regular 
embedding i: X h — > X. Many applications of the localization theo- 
rem, such as a simple proof of the Weyl character formula, come from 
this explicit localization formula. In [EG3j . we extended this result 
to the case where G is an arbitrary algebraic group, but with the as- 
sumption that G acts with finite stabilizer, and used our version of 
the explicit localization formula to give a Riemann-Roch formula for 
orbifolds. Related results were also obtained in that case by Toen |Toe] 
and Vezossi-Vistoli [VVj . 

In this paper, we remove the restriction on the group action, but to do 
so, we must complete rather than localize. (In the finite stabilizer case 
these two operations coincide because the equivariant il~-theory is sup- 
ported at a finite number of maximal ideals in R(G).) The nonabelian 
completion theorem states that there is a pushforward isomorphism 

z, : G(%X% - G^X), 

where G(Z, X h ) h is the completion of G(Z,X h ) at the maximal ideal 

m.h of R(Z), and G(G,X) is the completion of G(G,X) at m*. More- 
over, when X is smooth a formula analogous to (JTJ) above holds. This 
formula allows us to obtain our explicit formula for the Riemann-Roch 
isomorphism when X is smooth. 
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The proof of the nonabelian completion theorem rests on the con- 
struction of a "twisted induction" functor in equivariant If -theory. If 
G is a connected reductive group and Z C G is a connected subgroup 
of maximal rank such that both groups have simply connected com- 
mutator subgroups then we can use a theorem of Merkurjev to define 
an induction map ind: G(Z,X) — > G(G,X) satisfying several natural 
properties, including what we call a "twisted reciprocity" formula re- 
lating ind to the usual restriction functor res: G(G,X) — > G(Z,X). 
When Z is the centralizer of a semi-simple element h G G, gener- 
alities about completions imply that the m^-completion G(Z, X) h of 
G(Z,X) is naturally identified as a summand in the m*-adic comple- 
tion G(Z, X). By composing the inclusion as a summand with the map 
ind, we obtain a map 

md h : G\Z^X) h ^G{CrX). 

Using some basic facts about invariants and completion, we prove that 
indh and the natural map 

iea h : G&X) ^ G(Z^X) h 

are inverse isomorphisms (Proposition 13.51) . (This proposition illus- 
trates the necessity of working with completions rather than localiza- 
tions, as the natural restriction map of localizations G(G, X) m9 — ► 
G(Z, X) mh is not in general an isomorphism (Example 13. 7p .) In the 
case that Z and G are both connected and reductive and G has sim- 
ply connected commutator subgroup, the map i\ can be defined as a 
composition 

G(Z~X h ) h ^ G{Z^X) h ^ GjG^X). 

Because h is in the center of Z, we can argue as in the proof of the 
localization theorem for tori to show that i, is an isomorphism; hence 
ii is an isomorphism as well. For general G and Z a change of groups 
argument similar to that of [EG3] can be used to define i\. 

There are a number of natural questions arising from this work. If 
the element h is defined over a subfield L C C then our techniques 
imply that Theorem 14.31 holds for completions of equivariant if-theory 
tensored with L. An interesting problem for further study is to prove a 
version of Theorem 14.31 for completions of integral or rational equivari- 
ant if-theory at maximal (or prime) ideals of the representation ring 
R(G). It would also be interesting to extend these results to algebraic 
groups defined over arbitrary fields. Similarly, if \I/ is the conjugacy 
class of an element h G G which is defined over a subfield IcC then 
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our techniques show that there is an isomorphism of completions of 
equivariant X-theory tensored with L and equivariant Chow groups 
with coefficients in L. Given an arbitrary maximal (or prime) ideal m 
in R(G) <8> Q a very interesting open problem is to represent elements 
of the m-adic completion of Gq(G, X) as formal equivariant algebraic 
cycles on an appropriate subspace of X. Another natural question is 
whether a version of Theorem 15.51 holds for higher il~-theory. Specifi- 
cally one can ask if there is a natural isomorphism between the m^-adic 
completion of G n (G,X) and the infinite product of higher equivariant 
Chow groups CHq{X, n). Such a result would follow from the 
methods of this paper and the higher .fT-theory version of the Riemann- 
Roch isomorphism of [EG2J. Unfortunately we have not been able to 
construct such an isomorphism due to the difficulties in comparing dif- 
ferent completions of higher equivariant X-theory (cf [EG2| Remark 
2.2]). 

Acknowledgement: The authors are very grateful to the referees 
for their careful reading as well as for many comments which helped to 
clarify the exposition. 

1.1. Background. We work entirely over the ground field C of com- 
plex numbers. All algebraic spaces are assumed to be separated and 
of finite type over C. For a reference on the theory of algebraic spaces 
see the book |Knu] . As in [EGlJ we will refer to an integral subspace 
of an algebraic space X as a subvariety of X. Note that if h is an 
automorphism of a separated algebraic space X, then the fixed point 
subspace X h is closed in X, since it is the inverse image of the diagonal 
under the morphism I-tlxI given by the graph of h. 

All algebraic groups are assumed to be linear. A basic reference for 
the theory of algebraic groups is |Borj . If G is an algebraic group and 
h G G, then Zc(h) denotes the centralizer of h in G, and Cc{h) the 
conjugacy class of h in G. 

Throughout the paper we take the complex numbers as our coef- 
ficients for i^-groups and Chow groups, e.g., we write Gq(G,X) for 
G {G,X)®C. 

1.1.1. Representation rings. We recall here some facts about represen- 
tation rings proved in [EG3j . If G is an algebraic group then R(G) 
denotes the representation ring of G tensored with C. By [EG3, Propo- 
sition 2.5] there is a bijective correspondence between semisimple con- 
jugacy classes in G and maximal ideals in R(G). If ^ is the conjugacy 
class of a semisimple element, then the corresponding maximal ideal 
consists of virtual representations whose characters vanish at 
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If G is an algebraic group and H C G is a closed subgroup then the 
restriction map R(G) — > R{H) is a finite morphism ( |EG3j Proposition 
2.3]). As a result, if \I/ is a semisimple conjugacy class in G, then \l/nif 
decomposes into a finite number of conjugacy classes . . . and a 
maximal ideal m^/ C R{H) lies over C R{G) if and only if = 
for some k ( [EG31 Proposition 2.6]). 

1.1.2. Equivariant K-theory. As in |EG3] . G(G,X) denotes the infi- 
nite direct sum ©°i Gj(G, A), where Gj(G, A) is the z-th Quillen K- 
group of the category of G-equivariant coherent sheaves on X, tensored 
with C. Thus, G (G, X) is the Grothendieck group of G-equivariant 
coherent sheaves, tensored with C. Likewise, A (G, A) denotes the 
Grothendieck ring of G-equivariant vector bundles, also tensored with 
C. When X is a smooth scheme then K Q (G, X) and Gq(G, X) may be 
identified thanks to Thomason's equivariant resolution theorem |Tholj . 
If X = Spec C then K (G, X) = G (G, X) = R(G). 

If N is a G-equivariant vector bundle of rank n on X then A_i(iV) 
is the formal sum X^=o( — l)*[A l X]. 

If Z is a closed subgroup of G and A is a Z-space, then there is 
a "Morita equivalence" identification of G(Z,X) with G(G, G x z X) 
(see Section 3.1 of [EG3] for more details). In particular, an element of 
R(Z) such as A_i(g*/j*) can be viewed as operating on G(G, G x z X). 
If A is a G-space, then G x z X is isomorphic to GjZ x A, and the 
relative tangent bundle of the morphism G x z X — > X is identified 
under this equivalence with the pullback of the element 0/3 of R(Z) to 
G(Z, A). In this case we will often simply identify the relative tangent 
bundle of the morphism as 0/3 without further comment. 

For a sketch of some basic properties of equivariant A-theory, most 
of which are due to Thomason, we refer the reader to Section 3.1 of 
our paper [EG5] . Facts from that section will be used in this paper 
without further reference. 

2. Induced representations in algebraic A-theory 

Let G be a connected reductive group and let H C G be a connected 
reductive subgroup of the same rank. Assume that G and H have 
simply connected commutator subgroups. The goal of this section is to 
define a natural twisted induction map G(H, A) — > G(G, A) satisfying 
an appropriate reciprocity formula (j2.4p . A theorem of Merkurjev is 
crucial for proving properties of the twisted induction map. 
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2.1. Merkurjev's theorem and Weyl group actions. Suppose that 
if is a subgroup of G and X is a G-space. There is a natural map 

(2) 9 : R(H) ® R[G) G(G, X) -> G(fJ, X), 

given by 6([V] <S> a) = [V] res a. This map can be realized another way 
(cf. [EG21 Prop. 3.2]). We can identify G x H X with G/if x X via the 
map taking (g,x)H to (gH,gx). This identification is G-equivariant, 
where G acts on G x# X by left multiplication on G, and on G/if x X 
by the direct product of the actions on G/H and X. Consequently the 
category corr^ of if-equivariant coherent sheaves on X is equivalent to 
the category coh^^ xX of G-equivariant coherent sheaves on G/HxX. 
In terms of this equivalence the map 6 is given as follows. Let 7i"i and 
7T2 denote the projections of G/H x X to G/H and X, respectively, and 
given a representation V of if, let V denote the vector bundle G x H V 
on G/H. Then is the map R{H) ® R[G) G(G, X) -> G(ii, X) induced 
by the family of functors fy: cohc-X — ► cohflX, T i— > 7r*V <8> tt^J 7 , 
defined for each ii-module V. We may write 6^ for 9 if we wish to 
make explicit the groups involved. 

If G is a connected reductive group with simply connected com- 
mutator subgroup and T is a maximal torus of G, then Merkurjev 
proves (jMgrl Proposition 31]) that the map 6$: R(T)® R{G) G(G, X) -> 
G(T, X) is an isomorphism. (Note that Merkurjev's result holds for il~- 
theory with integral coefficients.) The following extension of Merkur- 
jev's result will be useful for proving properties of the twisted induction 
map. 

Proposition 2.1. Suppose that H C G are connected reductive groups 
of the same rank both with simply connected commutator subgroups. 
Then the natural map Q% : R{H) ®h(g) G(G, X) — > G(ii, X) taking 
[V] <S> ct to res(a)[V] is an isomorphism. 

Proof. Let T be a maximal torus of H (hence also of G). By Merkur- 
jev's theorem, 

G(T,X) = R(T) ® R{G) G(G,X) = R(T) ® R{H) G(H,X). 

Hence the map 

R(T) ®r(h) (R(H) ® m G(G,X)) -> i?(T) G(ff,X) 

is an isomorphism, since both sides are identified with G(T, X). Since 
H is connected and reductive, the restriction map R{H) — > i?(T) is 
a split injection. Thus tensoring with -R(T) is a fully faithful functor. 
Therefore G(G, X) ® R{G) R(H) = G(H, X) as claimed. □ 
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Let G be as above; and let T be a maximal torus of G and W the 
corresponding Weyl group. If X is a G-space, then W acts on G/T x X 
by the rule w ■ (gT,x) = (gw~ 1 T,x). This action commutes with the 
action of G and hence induces an action of W on G(G, G/Tx X) , which 
we can identify with G(T, X). This action of W is natural with respect 
to flat pullbacks and proper pushforwards arising from morphisms of 
G-spaces. The isomorphism 

6 G : R(T) ® R{G) G(G,X) - G(T,X) 

is W-equivariant, where W acts on the source by its action on R(T). By 
a theorem of Serre \Ser\ Theorem 4] we may identify R(G) = R(T) W , 
so G(T, X) w = G{G,X). (Note that Serre's result holds even if the 
commutator subgroup is not simply connected.) 

2.2. Twisted induction. 

Definition 2.2. Let H C G be connected reductive groups of equal rank 
with simply connected commutator subgroups, and let T be a maximal 
torus of H (hence also of G). Let W\ C W denote the Weyl groups of 
T in H and G, respectively. Let X be a G-space. We define 

indg : G(H,X) -> G{G,X) 

as follows. Identify G(G,X) (resp. G(H,X)) as the ^-invariants 
(resp. Wi-invariants) in G(T,X), and for any a E G(H,X), set 

ind^(a) = to. 

(Note that we use the same notation for elements of W/Wi and lifts to 
W; sometimes we also use the same notation for lifts of elements of W 
to G.) 

Definition 2.3. If G is a reductive group, define a linear map R{G) — > 
C, a i— > a G , by setting [V] G = dimV G for any G-module V and 
extending by linearity. Likewise, define a symmetric bilinear map 
Hom G (_, _) : R(G) ® i?(G) -> C by setting 

Hom G ([y],[W]) = [V*®W] G 

for G- modules V, W. 

The twisted induction map has properties given in the following 
proposition. Part (d) is analogous to the Frobenius reciprocity formula 
for induced representations, and justifies our use of the term twisted 
induction map. 
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Proposition 2.4. Let H C G be connected reductive groups of equal 
rank. Assume that both H and G have simply connected commutator 
subgroups. The map 

indg : G(H,X) ->G(G,X) 

has the following properties. 

(a) ind^- is natural with respect to flat pullbacks and proper pushfor- 
wards arising from morphisms of G-spaces. 

(b) If K C H C G are connected reductive groups of equal rank with 
simply connected commutator subgroups, then 

ind^r ° ind^ = ind^ . 

(c) (Projection formula) If a G R{H) and (3 G G(G,X) then 

indg(ares(/3)) = indg(a)/3. 

(d) (Reciprocity formula) When X = SpecC, the map indg : R(H) -> 
R(G) satisfies 

(3) Hom G (ind^ a, 0) = H.om H {\-i{Q* /t)*)a, res/3), 

where q and {) are the Lie algebras of G and H respectively. 

Moreover, the map ind^ is uniquely determined by properties (c) and 
(d). 

Proof. Naturality of the map ind^ follows from naturality of the action 
of the Weyl group described in Section 12.11 Assertion (b) is a straight- 
forward calculation. For the projection formula, if a G R{H) and (3 G 
G(G,X), then ares(f3) is identified with the element a/3 G G(T,X). 
Since (3 is jy-invariant, w{a(3) = w(a)f3; the projection formula fol- 
lows. We now turn to the reciprocity formula. Using the projection 
formula we reduce to the case where f3 is trivial; then we want to show 

(ind|(a)) G = (A_ 1 ( 7h*)a)^. 

First assume that H = T so by Serre's theorem we may identify R{G) 
with R(T) W . The groups H and G are complexifications of their cor- 
responding maximal compact Lie subgroups [OVt Theorem 8, p. 244], 
and a compact Lie group has the same representation ring as its com- 
plexification |BtDl Ch. Ill, Prop. 8.6]. The Weyl integration formula 
[BtDj Ch. IV, Theorem 1.11] for compact Lie groups implies that if 
v G R(G), then 

(4) v G = 7^((A_i(fl*A>) T - 
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If v = ind T (a), then, since A_i(g*/t*) is IV-invariant, the right hand 
side of (jlj) becomes 

But if r G R(T) then r T = (wr) T for all w G W; the reciprocity 
formula follows for H = T. For general H, we suppose T G H G G. 
We may assume a = indy Then, applying (b) and what we have 
just proved, 

(md G H (a)f = (md^(P)f = (A^g* /t» T . 

On the other hand, applying the projection formula and what we have 
just proved with H in place of G, we obtain 

(A^VrH* = (indf (A_ 1 ( S 7r)^)) H = (A_ 1 (r/t*)A_ 1 ( 7r)^) T . 

Since A_i(g*/t*) = A_i(fj*/t*)A_i(g*/f)*), the reciprocity formula fol- 
lows. Finally, the projection formula and Proposition 12.11 imply that 
the map ind^ is uniquely determined by its value when X is a point, 
in which case it is determined by the reciprocity formula. □ 

2.3. Induction for Levi factors of parabolic subgroups. If H is 

a Levi factor of a parabolic subgroup P of G, and X is a G-space, then 

G{H, X) ~ G(G, G/H x X) ~ G(G, G/P x X). 

Here the first isomorphism was explained in Section [2TT| and the second 
is because the projection G/H x X — ► G/P x X has fibers isomorphic 
to affine space. 

We include a proof of the following lemma because of the lack of a 
reference. 

Lemma 2.5. Let G be a connected reductive group. The commutator 
subgroup G' ofG is simply connected if and only ifit^G) is torsion-free. 

Proof. The group G is the product of the semisimple group G' and 
a torus S, with G' H S finite (see |Humt Section 0.9] Therefore G/G' 
is isomorphic to the torus S/(G' R S). Since ir 2 (G/G') = 0, the long 
exact homotopy sequence of the fibration G — > G/G' yields a short 
exact sequence — ► tii{G') — > 7Ti(G) — > 7Ti(G/G') — > 0. Since G/G' 
is a torus, 7ii(G/G') is free abelian. Since G' is semisimple, 7i"i(G') is 
finite |Hell Chapter VII, Theorem 6.1]. The lemma follows. □ 

Proposition 2.6. Let H be a Levi factor of a parabolic subgroup of G. 
If G has simply connected commutator subgroup, then so does H. 
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Proof. The quotient G/H has the homotopy type of G/P, so G/H is 
simply connected and by the Hurewicz theorem, ^(G/H) is isomorphic 
to H 2 (G/H) ~ H 2 (G/P), which is torsion-free. Since vr 2 (G) = 0, the 
long exact homotopy sequence of the fibration G — > G/H implies that 
7Ti{H) is torsion-free. □ 

In this situation, the following proposition gives another construction 
of the twisted induction map. 

Proposition 2.7. Let G and H be as in Proposition \2.6l Identify 
G(H,X) with G(G,G/P x X), and let q : G/P x X -> X denote the 
projection. If a G G(H,X), then 

(5) md%(a) = g„(A_i(fl7j>». 

Proof. The map defined by the right hand side of (jSJ) satisfies the pro- 
jection formula. Hence by Propositions 12.11 and 12.41 it suffices to show 
(JS]) hold for a G R(H). When computing the right hand side of (JSJ) we 
view A_i(g*/p*)a as inducing a virtual vector bundle on G/P, and q* 
as taking the G-equivariant Euler characteristic of that bundle. Here, 
if V is a representation of H, then we may view it as a P-module by 
making the unipotent radical act trivially. The induced vector bun- 
dle on G/P is G x p V. The vector bundle on G/P induced by g*/P* 
is the cotangent bundle T* = T^ p , so what we need to compute is 
5*(A_i(T*)a). The latter computation may be done using the same 
technique as in the proof Proposition 3.10 of [EG3J, as we now explain. 

The restriction map G (G,G/P) — > G (T,G/P) is injective, so we 
may restrict to T-equivariant K-theory, and make the calculation in 
Gq(T, G/P). In particular if a G T is any element such that (G/P) a = 
(G/P) T , then the localization theorem in T-equivariant i^-theory [EG3, 
Theorem 3.3] implies that 

(6) A_ 1 (T)a= 2^ l ** x , T *\ = }^ lx *^ a 

x€{G/P) T x ' x£(G/P) T 

in G (T, G/P) ma , where i x is the inclusion of x in G/P. Since G/P has 
a cellular decomposition, |CGl Lemma 5.5.1] implies that Gq(T,G/P) 
is a free i?(T)-module of rank equal to the number of T-fixed points. 
Since R(T) is an integral domain, it follows that the equality 

(7) A_i(T*)a= ^2 ix*il<* 

xd{G/P) T 

also holds in Gq(T,G/P). The T-fixed points in G/P are the points 
wP, for w G W/W\. If x corresponds to the coset wP then, identifying 
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G(T, x) with R(T), the map g* oi x is the identity, and for a G R(H) = 
R(T) Wl , we have i* x (a) = wa. Applying g* to both sides of ([7]) yields 

g*(A_i(T*)a) = wa = induce, 

as desired. □ 



3. Induction, restriction and completion 

Let G be a connected reductive group with simply connected com- 
mutator subgroup and let \I/ C G be a semisimple conjugacy class. Let 
h be an element of and let Z = Zc{h) be the centralizer of h. As- 
sume that Z is also connected and reductive and has simply connected 
commutator subgroup. B In this section we prove that, after appropri- 
ate completions, the induction functor indf is in fact the inverse of the 
restriction functor. 

3.1. Some facts about completions and invariants. In this sec- 
tion we prove some basic commutative algebra results about invariants 
and completions which will be necessary for proving properties of the 
induction map in equivariant .fT-theory. 

3.1.1. Completions and finite morphisms. Let B — > A be a finite mor- 
phism of Noetherian rings. Let m be a maximal ideal of B, let a = mA, 
and let mi, . . . m r be the maximal ideals of A lying over m. Let M be 
an ^4-module and let M be the a-adic completion of M. Likewise, let 
Mi denote the rrij-adic completion of M. Since mM C rrijM there is an 
induced map of completions t> « : M — > Mi. The following proposition 
will be needed. It is a generalization of [Bout Chapter III, Section 2, 
no. 13, Proposition 18]. 

Lemma 3.1. The map 

r 

i=i 

is an isomorphism of A- modules. 

Proof. Let iV denote the product Yii=x M with the topology given by 
the product of the m,-adic topologies, i — 1, . . . r. The completion of 
N in this topology is the product Yli=x Mi. 



If G has simply connected commutator subgroup then Z is automatically con- 
nected (c.f. [Huml Theorem 2.11]). 
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We claim that the a-adic topology on M is the same as the topology 

induced by the inclusion by the diagonal map M A TV. To see this 
argue as follows. Let N k = Y\ T i=1 m^M C N. The filtration N D Ni D 
. . . D Nk D ... is a fundamental system of neighborhoods of so the 
completion of N can be viewed as the completion with respect to this 
filtration. Now A _1 (iV fc ) = Drn^M = . . . m r h M so the induced 
topology on M is the mi . . . m r -adic topology. But \/a = mi . . . m r so 
this coincides with the a-adic topology as A is Noetherian. 

If n = (mi, ■ ■ ■ , m r) G N then by the Chinese remainder theorem for 
modules |Boul Chapter II, Section 1, no. 2, Proposition 6] there exists 
m G M such that m = m; mod m™M so n G A(M) + N n for any n. 
Hence A(M) is dense in N. 

Let N/A(M) have the topology induced from the topology on N. 
Since the a-adic topology on M is induced from the topology on N, 
the sequence of completions 

-> M A N -> N/A(M) -> 

is exact [Bout Chapter III, Section 12, no. 12 Lemma 2]. But A(M) 
is dense, so N/A(M) = 0. Identifying the completion iV with n[=i Mi 
and A with Y[ i= i v i yields the proposition. □ 

3.1.2. Completions and invariants. Let If be a finite group acting on 
a ring A. Assume that \W\ is invertible in A. Let B = A w denote 
the subring of invariants. Let I C B be an ideal, and B the /-adic 
completion of B. 

Let M be an A-module with a PF-action compatible with the module 
structure, and let M w be the i?-submodule of H^-invariants. Since 
I C B is W- invariant, there is an action of W on the J-adic completion 
M of M. 

Lemma 3.2. Le^ M w be the I-adic completion of M w . There is a 
natural isomorphism of B -modules M w —>■ (M) w . 

Proof. First observe that since W acts trivially on B, (M) w is in fact 
a £>-module. The hypothesis that G A allows us to define a 

projection M — > M w by the formula m \— > ^ ^„, gl4 / wm. Thus, for 
any integer k > 0, the exact sequence of ^4-modules 

-> I k M -> M -> M/J fc M -> 

induces an exact sequence of _B-modules 

-> (I k M) w ^ M w ^ (M/I k M) w -> 0. 
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Moreover, (I k M) w = I k M w } so the exact sequence induces isomor- 
phisms 

(8) M w /I k M w -> (M/I k M) w 

for all k. By definition, 

lim M w /I k M w = MW. 

Also, an element (rnfe) G M is W 7 - invariant if and only if each is 
^-invariant, i.e., 

(M) w = \im{M/I k M) w C lim M/I k M = M. 

Thus the desired isomorphism M w — ► (M) w follows from ([HD by taking 
inverse limits. □ 

3.1.3. Invariants and direct products. Let A be a ring, let M± . . . , M r 
be v4-modules, and let M = YY i= i Mi- Suppose that a finite group W 
acts compatibly on A and M. Assume that for all w G W, wMj = Mj 
for some j, and conversely that for any i and j there exists w & W such 
that wMi = M,-. Let Wi = {w G W \ wMi = Mi}. The transitivity of 
the action on the components of M implies that the Wi are conjugate 
subgroups of W. Let 7Tj : M — > Mi denote the projection. If m G M w 
then the i-th component of m must be in M i *, so 7Tj restricts to a map 
resi : M w -> M^. 

Let wi,...w r be a set of representatives for the cosets of W/Wi 
such that wjMi = Mj. We define a map indi : Mf l -> M w by 
indi(mj) (^mj, . . .w r rrii). 

Lemma 3.3. With the above assumptions and notation, the maps resj 
and indj are inverse isomorphisms of the A w -modules M w and M i \ 

Proo/. Let m G M w . Since W acts transitively on the components of 
M, resj(m) = if and only if m = 0, so resj is injective. Since resj o indj 
is the identity, resj and indi are inverse isomorphisms. □ 

Remark 3.4. Our hypothesis on the W action on M implies that M = 
lad w .(Mi) for any i, where Ind is the standard induction functor from 
PVj-modules to H^-modules. Viewed this way, Lemma I3T31 is simply the 
statement that (Ind^M;))^ = Mf\ 

3.2. Induction and restriction. Let G be a complex algebraic group 
and \& C G a semisimple conjugacy class. Fix /i £ I and set Z = 
Zc{h). Let rriii, C R(G) be the maximal ideal of virtual representations 
whose character vanishes on ^ and m/, C R{Z) the maximal ideal of 
virtual representations whose character vanishes at the central element 
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h. By |EG3l Propositions 2.3, 2.6] the restriction map R(G) — > R(Z) is 
finite and lies over m^. If M is an i?(G)-module, let M denote the 
m^-adic completion of M. If M is also an i?(Z)-module, such that the 
i?(G)-module structure is obtained from the -R(Z) -module structure 
by the map R(G) — > R(Z), then Lemma I3TT1 implies that the m^-adic 
completion of M is canonically identified as a summand in the 
m^-adic completion M. The natural map M — > M h corresponds to 
projection onto this summand. 

If X is a G-space then, in the context of equivariant i^-theory, we 
have maps 

res fc : G{G^X) -> G{Z^X) -> G\Z^X) h 

and 

res,: K^(G\X) - K^X) - K^X)^ 

corresponding to the composition of the restriction maps G(G, X) — ► 
G(Z,X) (resp. Ko(G, X) — > K Q (Z,X)) with projection on the sum- 
mand G(Z, X) h (resp. Kq(Z, X) h ). If in addition we assume that both 
G and Z are connected and reductive and have simply connected com- 
mutator subgroups, then the induction map ind : G(Z,X) — > G(G,X) 
induces a map on completions at the ideal m#. Composing with the 

inclusion of G(Z,X) h as a summand in G(Z,X) gives a map 

ind h : G[Z^C) h -> G(GTX). 

Proposition 3.5. 7/G and Z are connected, reductive and have sim- 
ply connected commutator subgroups, then the maps res^ and ind^ are 
inverse isomorphisms of R(G) -modules. 

Before we prove Proposition 13 .51 we need a lemma about Weyl groups 
of centralizers of semisimple elements. 

Lemma 3.6. Let G be a connected reductive group and let h be a 
semisimple element of G such that the centralizer Z = Zq{K) is con- 
nected. Let $ denote the conjugacy class of h inG. Let T be a maximal 
torus of Z (hence also of G). Let W = W{G,T)and W x = W(Z,T). 
Then h G T, \fr f)T = W • h, and the stabilizer in W of h is W\. 

Proof of Lemma \3. 61 First, h is contained in some maximal torus of Z. 
The conjugacy of maximal tori in Z implies that the the Z-conjugacy 
class of h meets T, but this class consists of {h}. Hence h G T. Suppose 
that hi = ghg- 1 G T. Since g l Tg = T\ and T are two maximal 
tori containing h, they are both contained in Z. Therefore there is 
an element z G Z such that zTz" 1 = T\. Then h! = gzh(gz)~ l . 
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The element gz of N(T) represents an element of W — N(T)/T, so 
hi G W ■ h. Hence ^ Pi T C W • h; the reverse inclusion holds as well 
since elements of W are represented by elements of N(T) C G. This 
proves the first statement. For the second, suppose w G W fixes h. 
Then w is represented by an element of Z, so w lies in the Weyl group 
of Z, namely W\. □ 

Proof of Proposition \3.5[ Choose a maximal torus T of Z (and G) . Let 
W = W(G, T) and W 1 = W{Z, T). By Lemma EH the Weyl group W 
acts transitively on the set \1/ D T and the stabilizer of h is W\. Thus, 
$nT = {hi, 1%2, ■ ■ ■ h r } where r = (we take h = hi). Set M = 

G(T, X) and let Mi be the completion of M at the maximal ideal of 
R(T). By LemmaEU M ~ ©[ =1 Mj. By LemmaGQl G{G~X) = {M) w 
and G(Z,X) h = (Mi) Wl . The map ind^ corresponds to the induction 
map (Mi) Wl — > (M) w defined in Section 13.1.31 above, and the map 
resft corresponds to the projection (M) w — > (Mi) 1 ^ 1 . Hence Lemma 
13.31 implies that ind^ and res^ are inverse isomorphisms. □ 

Example 3.7. Proposition [33] illustrates the need to work with comple- 
tions rather than localizations, because the restriction map of localiza- 
tions G(G,X) mxSJ — > G(Z,X) mh will not generally be an isomorphism. 
For example, if G = GL n and \I> is a regular conjugacy class (i.e. ele- 
ments of \& have distinct eigenvalues), then Z = T is a maximal torus. 
The restriction map i?(GL n ) — > R{T) has degree n\, so the map of lo- 
cal rings R(G) m ^ — > R(T) mh cannot be an isomorphism. However, this 
map of local rings is etale so the corresponding map of completions is 
indeed an isomorphism. 

4. The non-abelian completion theorem 

In this section we state and prove Theorem I4.3[ our general non- 
abelian completion theorem for equivariant i^-theory. This theorem 
extends the non-abelian localization theorem of [EG3| Theorem 5.1 
and Corollary 5.2] which was proved for actions with finite stabilizer. 

4.1. The completion theorem for a central element. Let Z be 

an algebraic group and let h be an element in the center of Z. If 
M is an R(Z) -module, we denote by Mh the m^-adic completion of 
M, where, as usual, vcih is the ideal in R(H) corresponding to virtual 
representations whose characters vanish at h. 

If X is a Z-space, then since h is central, the fixed locus X h is Z 
invariant. When X is smooth, then so is X h , and thus the inclusion 
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2* : X h — > X is a regular embedding. As a tool in proving our general 
completion theorem, we need the following result. 

Theorem 4.1. Let Z be an algebraic group and h a central element of 
Z . Let X be a Z -space and let i: X h — > X denote the inclusion of the 
fixed point locus of h. 

(a) The proper pushforward z*: G(Z,X h ) — > G(Z,X) is an isomor- 
phism after completing at m^. 

(b) If X is smooth, then the map of R(Z) -modules 

D X-i{N*): G{Z,X h ) -> G(Z,X h ) 
zs invertible after completing at xtih, and if a & G(Z,X) h then 
(9) a = i,(A_i(iV;)- 1 Di*a), 

where the notation A_i(iV?) -1 D i*a means inverse image ofi*at under 
the isomorphism fl A_i(iV*). 

Proof. The proof of Theorem 14.11 is essentially the same as the proof 
of the central localization theorem ( [EG3| Theorem 3.3]). Details 
may be found in that paper; here is a brief sketch. By a change of 
groups argument the result for a general group reduces to the case of 
a product of general linear groups, and this in turn reduces to the 
case of a maximal torus. Therefore we may assume that G = T 
is a torus. Using the localization long exact sequence for an open 
set, to prove part (a) it suffices to show that if X h is empty then 

G(T,X) h = 0. By Thomason's generic slice theorem we may reduce 
to the case that X = T/T' x Y where T' C T is a closed subgroup 
not containing h, and the action of T on Y is trivial. In this case 
G(T,X) = R{T')®G{Y) and G{T\X) h = R(T i ) h ®G(Y). The crucial 
point is that if h £ T' then R(T') mh = (which gives the localiza- 
tion result) and R(T') h = (which gives the completion result). This 
proves (a). To prove (b), we again use the generic slice theorem to 
reduce to the case where X h = T/T' x X h /T, but now T' C T is a 
closed subgroup containing h. Then G(T, X h ) = R(T') <8> G(X h /T) so 

G{T\X h ) h = R(T^) h ® G(X h /T). Let Af x denote the fiber of iV* at 

a point x G X h . The action of X-i(N*) on G(T\X h ) h is invertible if 

and only if A_i(A4) is invertible in R(T) h for some closed point x in 
each connected component of X h . This follows from the fact (proved 

in [EG5j ) that A_i(M) £ Finally, to deduce ©, if a G Gt^X)^ 

then by (a) we can write a = for /3 G G(Z, X h ) h . By the equivariant 
self-intersection formula, A_i(iV*)/3 = so /? = A_i(Ar*) _1 ni*a. □ 
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Remark 4.2. In the proof of the central localization theorem of |EG3j . 
the change of groups step proceeded by embedding G into a product 
of general linear groups Q such that the conjugacy class of h in Q 
intersects G in the single point h. We asserted that h central in G 
implies h central in Q. Unfortunately this assertion can fail for the 
embeddings we constructed in that paper. However, we can arrange it 
to be true if G is reductive, since then we can take Q to be Yl GL(Vi), 
where Vi is an irreducible G-module; in this case the assertion follows 
from Schur's lemma, and the proof of the central localization theorem 
goes through. To deal with nonreductive G we replace G by a Levi 
factor L and use the identification of G(G,X) with G(L,X); then the 
argument works because L is reductive. 

4.2. Statement of the non-abelian completion theorem. Let X 

be a G-space and $ a semisimple conjugacy class in G. Let h be an 
element of $ and Z = Zq(K). As usual, let i : X h — * X be the inclusion 
of the fixed point locus of h; as noted above, if X is smooth then so 
is X h , and the inclusion is a regular embedding. Since Z acts on X h , 

if X is smooth we may define a map v : G(G, X) — > G(Z, X h ) h as the 
composition 

GjG^X) ^ G\Z^X) h £ G(Z^X h ) h , 
where res/j is as in Section 13.21 

For arbitrary X we may also define v : K (G,X) — > K (Z, X h ) h in 
the same way. This pullback will be used in the statement of Theorem 
EE 

Theorem 4.3. Let X be a G-space, and use the notation above. There 

is an isomorphism ir. G(Z,X h ) h — > G(G,X) with the following prop- 
erties. 

(a) (covariance) Let Y X be a proper G-morphism of algebraic 
spaces, and let Y h — ► X h be the corresponding proper map of h-fixed 
loci. Then i\q* = p*i\ as maps G(Z,Y h ) h — > G(G,X). 

(b) If X is smooth, then v is also an isomorphism and we have the 
following analogue of the explicit localization formula: 

(10) a = h (A-iCN?)- 1 nra) 

(c) The map i\\ Go(Z,X) h — > Gq(G,X) is uniquely determined by 
by properties (a) and (b). 

Remark 4.4. We conjecture that the uniqueness statement of part 
(c) holds for higher .fT-theory as well; this would follow if we had a 
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Riemann-Roch theorem relating higher equivariant G-theory to higher 
equivariant Chow groups. 

When G and Z are connected and reductive with simply connected 
commutator subgroup, then Proposition [33] states that for any G-space 

X, the map res^: G(G,X) — > G(Z,X) h is an isomorphism. Using 
Theorem 14.31 we can partially generalize this to arbitrary G and Z: 

Corollary 4.5. (a) If X is a smooth G-space, then res^: G(G,X) — > 

G(Z, X) h is an isomorphism. In particular, the restriction map R(G) — > 
R(Z) induces an isomorphism between the m^-adic completion of R(G) 
and the vcih-adic completion of R(Z). 

(b) For any G-space X, the restriction map of completed equivariant 

Grothendieck groups res^: Go(G,X) — > Go(Z,X) h is an isomorphism. 

Proof. If X is smooth, then the central completion theorem implies that 
i* : G(Z,X) h — > G(Z,X h ) h is an isomorphism. Since i\ is an isomor- 
phism, formula ffTUl) of Theorem 14.31 implies that v is an isomorphism. 
Hence res^ must also be an isomorphism, proving (a). The proof of 
(b) uses envelopes and Riemann-Roch, and will be deferred to Section 
IQ1 □ 

We conjecture that the conclusion of part (a) holds for arbitrary X. 

4.3. Proof of Theorem I4.3I T a) . (b) . In this section we prove parts (a) 
and (b) of Theorem 14.31 Part (c) uses a Chow envelopes argument and 
our generalized equivariant Riemann-Roch theorem; it will be proved 
in Section 

If G and Z are connected and reductive with simply connected com- 
mutator subgroups, we define %\ as ind/i oi^. By the central completion 
theorem (Theorem 14. lj) is an isomorphism, and by Proposition 13.51 
indft is an isomorphism. If Y — > X is proper, then the diagram 

Y h -> Y 

i i 
X h -> X 

is a commutative diagram of proper morphisms. Covariance of i\ then 
follows from covariance of both pushforwards and ind^ for proper G- 
morphisms. Part (b) follows from Theorem 14.1( b) and the fact that 
indft o resft = id. 

To prove the general case we use a change of groups argument similar 
to that used in [EG3j . By [EG31 Proposition 2.8], we may embed G 
into a product of general linear groups Q such that, writing \1/ = Cc{h) 
and # Q = C Q (h), we have * Q nG=*. 
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Write Z = Z G {h) and Zq = Zq{K). The groups Q and Zq are 
both connected and reductive and have simply connected commutator 
subgroups because they are both products of general linear groups. Let 
Y = Q x G X , and let j : Y h — > Y be the inclusion of the fixed point 
locus. By what we have proved, there is an isomorphism of completions 

jr. G{Z^Y h ) h -> G{Q^Y). Here G{Z^Y h ) h denotes the completion 
of G(Zq,Y h ) at the maximal ideal m' h of R{Zq) corresponding to the 

central element h, and G(Q, Y) is the m^ Q -adic completion of G(Q, Y). 

We want to use j< to define i\. First observe that the only maximal 
ideal of R{G) containing m^ Q R(G) is ( |EG3| Proposition 2.6]), so 
m^ Q R(G) is an m^-primary ideal. Thus, under the Morita equivalence 
which identifies G(Q,Y) with G(G,X), the m^-adic and m^-adic 
topologies coincide. Hence we may identify the m^ Q -adic completion of 
G(Q, Y) with the m^-adic completion of G(G, X). Similarly, under the 
Morita equivalence identification of G(Z, X h ) with G(Zq, Zq Xz X h ), 
the vcih and m^-adic topologies coincide. 

The following lemma is a consequence of an extension of |EG3[ 
Lemma 5.5] to non-smooth spaces. 

Lemma 4.6. The natural map Zq Xz X h — > Y h is an isomorphism of 
ZQ-spaces. 

Proof of Lemma \4 ■ 6] Let S = {(g,x) \ g& ^/,gx = x}cGxX and 
Sq = {{q,y) I q e ^ Q ,qy = y} C Q xY. As in the proof of |EG31 
Lemma 5.5], consider the map 

T: Q x S x Q x X, (q,g,x)^ (qgq~\q,x). 

This map induces a map of quotients $: Q x G S —>■ ^/q x Y which 
factors through a map Q x G S ^ Sq C x Y. In view of the 
identifications S = G x z X h and S Q = Q x Zq Y h f [EG3l Lemma 4.3]), 
to prove the lemma, it suffices to show that $ : Q x G S — > Sq is an 
isomorphism of Q-spaces. This was proved for smooth X in |EG3, 
Lemma 5.5]; to extend to arbitrary X we argue as follows. To check 
that $ is an isomorphism, we may work locally in the smooth topology 
on X and assume that X is affine. H By local linearizability of group 
actions |Borj . there is a G-equivariant embedding X C V for some 
finite dimensional representation V of G. Let W = Q x G V. Define 
S' = {(g, v) \ ge^,gv = v}c^xV and S' Q = {(q, w) \ q e Vq, qw = 

3 Every G-space has a smooth G-cover by an affine G-scheme. To see this, let 
U —f X be any etale cover of X by a scheme. Replacing U by an affine Zariski 
open cover, we may assume that U is also affine. Then the map G x U — ► X, 
(g,u) <— > gir(u), is a smooth, affine G-cover of X. 
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to} C Q x W. Since V is smooth, the map $' : Q x G S' — > Sq is an 
isomorphism. Now, X h = X n V h , so S 1 = S' fl x X). Hence the 
isomorphism $' restricts to the map $: Q x G S —> Sq. Therefore, $ is 
an isomorphism. □ 

Hence we may identify the m^-achc completion of G(Z, X h ) with the 
m^-adic completion of G(Zq,Y h ). 

Applying Lemma H~6l to the case X = SpecC, we see that Zq/Z can 
be identified with (Q/G) h . Let e: Zq/Z — > Q/G be the correspond- 
ing ZQ-equivariant regular embedding. Under the identification of 
G(Zq, Zq/Z) with the representation ring R(Z), the class of the conor- 
mal bundle [N*] corresponds to the virtual Z-module q*/g* — 3q*/3* = 

/Iq — 9*/3*) where q, 3q, 0, and 3 denote the Lie algebras of the groups 
Q, Zq,G, and Z, respectively. The central completion theorem implies 

that \-i(N*) is invertible in G{ZQ^Zq/Z) h = R(Z) h . 

To complete the proof of the theorem for general G, we use the iden- 
tifications of G(zTx h ) h with G{ZQ^Y h ) h and G{G~X) with G\Q^Y) 
to define 

i\ : G{Z^X h ) h -> G{G\X) 

by the formula 

(11) w = MX-iiK)- 1 n (3) 

Because j\ is an isomorphism, i\ is as well, and the covariance of j\ 
implies covariance if i\. 

Now suppose that X is smooth. To verify formula ffTU]) of Theorem 
Ol observe that TV* = X* + X e * in G(Z, X h ) = G(Z Q , Y h ), because j 
factors as the composition of embeddings 

Y h = (Q x G X) h = (Z Q x z X h ) ^ Z Q x z X ^ Y = Q x G X. 

Moreover, under our identifications, the maps y and v coincide. Thus, 
formula fflO|) for %\ follows from the corresponding formula for j\. 

Remark 4.7. A priori, our definition of i\ depends on the choice of the 
embedding of G into Q. However, if X is smooth, then i\ is independent 
of the embedding, because equation (flOj) implies that composition of 
i\ with the map fl A_i(A J *) _1 is the inverse of v. Since v is defined 
intrinsically, so is i\ in this case. For arbitrary X, the uniqueness 
statement Theorem 14.3( c) implies that i\ is independent of Q as a map 
of completed Grothendieck groups. As noted above, we conjecture that 
Theorem 14.3( c) extends to higher X-theory; this would imply that i\ 
is independent of Q in the higher .fT-theory case as well. 
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4.4. The case of finite stabilizer. In this section we show that if 
G acts with finite stabilizer on a smooth space X then the nonabelian 
completion theorem is equivalent to the nonabelian localization theo- 
rem of jEG3j . In the finite stabilizer case, the equivariant ii"-theory 
is supported at a finite number of maximal ideals, so localization and 
completion coincide. Therefore the issue is to compare the map used 
in this paper with the one of |EG3j . 

Let G be an algebraic group acting with finite stabilizer on a smooth 
algebraic space X. Following the notation of [EG3], let \l/ be a semisim- 
ple conjugacy class in G and let Sq, = {(g,x)\g G ^,gx — x}. Choose 
h G ^, and let Z = Z G {h). Then = G x z X h , so by Morita 
equivalence we may identify G(G, S^) with G(Z,X h ), which is an 
-module. By |EG3l Lemma 4.6] the localization G(G, S^) mh = 
G(Z, X h ) mh at is a summand in the localization G(G, Sy) miS , and 
is independent of the choice of h G This summand is called the cen- 
tral summand and is denoted by G(G, Sy) Cxs , \EG3\ Definition 4.10]. Be- 
cause G acts with finite stabilizer, the G-equivariant and Z-equivariant 
Grothendieck groups are supported at a finite number of maximal 
ideals, so completion and localization coincide. Thus, 

G(G,S*U = G(Z,X h ) mh = G(Z^X%. 

The hypothesis that G acts with finite stabilizer implies that the pro- 
jection / : — > X is finite so it induces a pushforward /* : G(Z, X h ) — ► 
G(G,X). The nonabelian localization theorem for actions with finite 
stabilizer |EG3j Theorem 5.1] states that if a G G(G, X) m9 then 

(12) a = /,(A_ 1 (iV;)- 1 n(ra) c ,) 

where (f*a>) C9 denotes the projection of f*a to the central summand 
and Nf is the relative tangent bundle of the l.c.i. morphism Sq, — ► X. 

Remark 4.8. Because the map f : — > X is not an embedding, 
Nj is only a virtual bundle, and the class X-i(NJ) is not defined in 
Ko(G,Sxs). Nevertheless, we can define the operation nA_i(iV?) -1 
on G(G,Si&) C9 , as follows. Since / factors as the composition of the 
smooth projection G x z X X with the regular embedding i: — > 
G x z X, we have [NJ] = [N*] — g*/3* (here, as usual, we follow the con- 
ventions of Section [1J] in identifying relative tangent bundles). After 
localizing G(G, Sy) at m^, the endomorphism f]X-i(N*) of G(G, S^)^ 
is invertible. Hence we can define flA_i(iVj) -1 as the composition of the 
inverse of the operation nA_i(iV*) with multiplication by A_i(g*/3*)- 
This point was obscured in |EG3j . 
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By abuse of notation use i to denote both the Z-equivariant embed- 
ding i: X h — > X and the G-equivariant embedding !:5$->Gx z I; 
this convention has the advantage that under our Morita equivalence 
identifications the same symbol denotes the proper pushforwards 
G(Z,X h ) -> G{Z,X) and G(G,S 9 ) -> G(G, Gx z X). Likewise, the 
conormal bundles to both of these maps may be denoted N*. With 
this convention we can rewrite (jl~2l as 

(13) a = /, (A_ 1 (g73*)(A_ 1 (iV*)- 1 n (fO) • 

Under our identifications, if a G G(G,X), then f*(a) C9 = i l (a). The 
following result implies that when G acts on X with finite stabilizers 
then the nonabelian localization theorem of [EG3] is in fact equivalent 
to Theorem 14.31 

Theorem 4.9. Assume that G acts on the smooth space X with finite 
stabilizer. If (3 G G(G, S^) c ^, then 

(14) /.(A-i(fiW)n/?) = »i/? 
(as elements of G(G,X) m ^). 

Proof. Since the map a i— ► /*(a) c ^ = « ! (a) is an isomorphism and 

G(G, Sy) C9 = G(Z,X h ) h , we can compare formulas (fTUjl and (fT2j) to 
obtain 

(15) /.(A^^iv;)- 1 n /3) = ^(A-xCCiVT)" 1 n /?)). 

But as noted in the remark above, 

A^iv;)- 1 n p = X-dN*)- 1 n (A^^/f) n /3). 

Replacing /3 by A_i(iV*) fl /3 in ( fl5i) yields the formula of equation 

dH- □ 

4.5. More on the finite stabilizer case. The proof of Theorem 14.91 
used the localization and completion theorems. However, if G is con- 
nected and reductive with simply connected commutator subgroup and 
Z is a Levi factor of parabolic subgroup P of G then, by Proposition 
12.61 Z also has a simply connected commutator. In this case we can 
prove a stronger result (Theorem 14.101) namely, that the maps agree 
even before localizing (or completing). This proof does not make use 
of the localization or completion theorems. Using Theorem 14.101 one 
could replace some constructions from |EG3j with constructions from 
this paper and obtain somewhat different proofs of the main results in 
[EG3j . However, Theorem 14.101 is not needed for the main results of 
this paper. 
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Assume that we are still in the finite stabilizer case. The proper 
pushforward /* is defined without localizing (or completing); that is, 
/* maps G(G, Sy) to G(G, X). The map i\ can also be defined without 
localizing or completing; we identify G(G, Sy) with G(Z, X h ) and then 
define i\ = ind oi^. In this case, the equality of Theorem 14.91 holds even 
without localizing: 

Theorem 4.10. Suppose that the connected reductive group G acts 
with finite stabilizer on a smooth space X . Let h G G be an element 
of the semisimple conjugacy class ty, and assume that Z = Z G {h) is a 
Levi factor of a parabolic subgroup P of G. If f3 G G(G, S^,), then 

(16) /*(A-i(g73*)n /?) = *,/? 

as elements of G(G, X) . 

Proof. We use the factorization of the map ->GxpI from Section 
4.1 of [EG3j . Consider the projections 

G x z X ^ G xpl^l. 

By |EG3l Lemma 4.5] the composition j = poi: — ■> G x P X is also 
a regular embedding and the finite map / : S# — > X is the composition 
of j with the smooth proper projection map q. Thus, 

(17) /, (A_i(fiT/3*) n 0) = g*j* (X-i(g*/f) n 0) . 

On the other hand, i\(3 = indo^/3. By Proposition 12.71 the right hand 
side of (IT7|) equals 

(18) q* (A-i( 7p*) n (pT 1 ^) 

(Note that the symbol Qo*) _1 was suppressed in the statement of Propo- 
sition O) 

The projection p is a bundle map with fiber isomorphic to the affine 
space P/Z. The tangent bundle T p to p is the bundle induced by Morita 
equivalence from the Z-module p/3. By abuse of notation we will write 
T p = p/3. Letting the unipotent radical of P act trivially we may also 
view p/i as a P- module. It follows that T p is the pullback of the G- 
bundle on G x P X induced by Morita equivalence from p/3 (viewed as 
Z-module). Continuing our abuse of notation we will also refer to this 
bundle on G x P X as p/3. 

Claim: If p G G(G, Sy) then 

(19) up = \- 1 {py i *)np*j.p 

We prove the claim. Let p: W — > be the P/Z-bundle obtained by 
base change from the bundle p: Gx z X — > GxpX along the morphism 
j : ^->GxpI. Let k: W — > G x z X be the map obtained by base 
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change from j. The map i : Sq, — > G x Z X induces a section s : — > W 
of the projection p. In particular we have a cartesian diagram 

W ^ Gx z X 
i P ip 
Sqi — > G x p X 

where the horizontal maps are regular embeddings. 

Since direct image for finite morphisms commutes with flat pullback 
of coherent sheaves, the compositions p* o j„ and fc* o p* are equal as 
maps on K-theory. Thus the right hand side of (|T9|) equals 

(20) x^(p*/f)nh P *p 

Since the bundle A_i(p*/3*) on W is the pullback of the corresponding 
bundle onGx^I, the the projection formula implies that the right 
hand side of fl20|) equals 

(21) K(X^(p*/f)n P *(3) 

The normal bundle to the section s : — > W is the restriction 
of T p to s. Now, T p is the pullback of T p , which is the pullback to 
G x z X of the G-bundle on G x P X induced by Morita equivalence 
from p/3 (viewed as P-module). By abuse of notation we will refer to 
this bundle onGxpX , as well as the various pullbacks of this bundle, 
as p/3. Thus, by the self intersection formula s*s*/3 = A_i(p*/3*) fl (3. 
Substituting into (T2TT) yields 

(22) k*(p*s*s*P) 

Since s is a section of the smooth morphism p, the composition p* o s* is 
the identity. Hence we conclude that A_i(p*/3*) Hp*j*/3 = k*s*j3 = ft, 
proving our claim. 

Substituting the expression for i*/3 for f|T9|) into the right hand side 
of (TL8]) we obtain 

(23) g*(A-i(073*)n(A_!(p73*)n^) 

Since all of the terms involving Lie algebras correspond to bundles 
which are pulled back from G x P X, the projection formula implies 
that (1231) can be rewritten as 

(24) q*j* (A_i(fl7p*)A-.i(|»73*) n 0) . 

Since / = go j and = g*/p* + p*/3* in R(Z) we may rewrite (jMj) 
as /*(A_i(fl*/3*) fl (3), completing the proof of the theorem. □ 
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5. The twisted equivariant Riemann-Roch theorem 

As above, let \I/ = Ca(h) be a semi-simple conjugacy class. In this 
section we prove a Riemann-Roch isomorphism generalizing the main 
theorem of [EG2J, which dealt with the case h — 1. This theorem gives 
a geometric description of the completion of equivariant .ff -theory at 
any maximal ideal in R(G). 

5.1. The equivariant Riemann-Roch theorem. We recall here the 
equivariant Riemann-Roch theorem of [EG2j . We begin by recalling 
some basic facts about equivariant Chow groups. Most of these facts 
are contained in the paper [EGlj . but here we continue to use some 
notation from |EG2] . If X is a G-space then as in [EG2] we denote 
CH'q(X) the "codimension n" equivariant Chow groups. An element 
of CHq(X) is represented by a codimension n cycle on a quotient 
X x G U; here U is an open set in a representation V such that G 
acts freely on U, and such that the complement of U has codimension 
more than n in V. Less precisely, but more intuitively, we may view 
an element of CH G (X) as being represented by a G-invariant cycle of 
codimension n on a product X x V where V is a representation of G. 
We denote by A G (X) the "codimension n" operational Chow ring. An 
element x G A G (X) is an operation on CH G (X) which increases degree 
by k and satisfies basic naturality properties with respect to equivari- 
ant morphisms. The direct sum A* G (X) = ®kL A G (X) ^ s a graded, 
commutative ring with multiplication defined by composition of opera- 
tions. When X is a smooth algebraic space, then a basic result is that 
the map A G (X) — > CH G (X), x i— > x D [X] is an isomorphism, where 
[X] G CHq(X) is the fundamental class. Thus, when X is smooth we 
may view the product of operations as an intersection product. 

The infinite direct product YlT=o Aq{X) is a completion of the equi- 
variant operational Chow ring; it acts on the infinite product of equi- 
variant Chow groups n^=o CH G (X). If E is an equivariant vector 
bundle then we may define the equivariant Chern character ch G (£') 
and equivariant Todd class Td (E) as the appropriate formal power 
series in the Chern classes of E, [EG2[ Definition 3.1]. As such they 
may be viewed as elements in the infinite product n^Lo^G*(^)- The 
Chern character and Todd class extend to maps ch G and Td G from 
K (G,X) to YlZoAUX). 

We paraphrase from [EG2J the Riemann-Roch theorem for equivari- 
ant Chow groups. Let X be a G-space and let Go(G,X) denote the 
completion of Gq(G,X) at the augmentation ideal in R(G) — in other 
words, the completion at the maximal ideal mi C R(G). 
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Theorem 5.1. For all separated G- spaces X there is a map t x : Gq(G,X) 
\X^=qCHq{X) which factors through an isomorphism Gq(G,X) — > 
n^=o CHq(X) and satisfies the following properties. 

(a) t% is covariant for proper morphisms. 

(b) Ife G K (G,X) and a G G (G,X) then rf (ea) = ch G (e)r G (a). 

(c) If X is a smooth scheme and either G is connected or X has a 
G-equivariant ample line bundle, then r G (a) = ch(a) Td G (X), where 
Td°(X) is the equivariant Todd class of the virtual bundle Tx — Q- 
(Here we implicitly identify Kq(G,X) and Gq(G,X) as X is a smooth 
scheme. 

Remark 5.2. The notation used here differs somewhat from that of 
[EG2J: higher i^-theory is not used in that paper, and the groups 
G G (X) and K (X) of that paper correspond to the groups denoted 
here by Gq(G, X) and K (G,X), respectively. 

Remark 5.3. The need to subtract g follows from the fact that if G acts 
freely on X and X — > X/G is the quotient map, then, by definition, 
the Todd class map is the pullback of the Todd class map on X/G to 
the corresponding equivariant theories on X. However as an element 
ofK£(X), n*(T x/G )=T x -g. 

5.2. Twisting by a central element. We recall the following con- 
struction from [EG 3] . Let Z be an algebraic group, and let h be a 
semisimple element of the center of Z. If V is any representation of 
Z, then V decomposes as a direct sum of iJ-eigenspaces V x , where 
X £ C*. The assignment [V] — > X] x ^[^x] defines an automorphism of 
R(Z) which we call twisting by h. It is clear from the definition that 
this automorphism takes to the augmentation ideal mi. 

More generally, let X be a Z-space on which h acts trivially. Then 
any Z-equivariant coherent sheaf T decomposes into a direct sum of 
eigensheaves T x for the action of h. Define the twist of T by h to be the 
virtual coherent sheaf T{h) = Yl x XJ~ X - It is easy to see that twisting 
by a central element induces a natural automorphism of equivariant 
Grothendieck groups. The basic properties of this automorphism are 
as follows. 

Proposition 5.4. Let X be a Z-space on which the central element h 
acts trivially. Then the assignment T \— > J~{h) induces automorphisms 
of equivariant Grothendieck rings t^. Kq(Z,X) — > K Q (Z,X) and of 
equivariant Grothendieck groups th'- Gq(Z,X) — > Gq(Z,X) with the 
following properties. 

(a) If e G Kq(Z,X) and a G G (Z,X), then t h (ea) = £/j(e)^(a). 
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(b) If /: Y — > X is an morphism of Z -spaces and h acts trivially on 
Y, then f* o t h = t h o /* as maps K (Z,X) -> K (Z,Y). 

(c) th commutes with flat pullbacks and proper pushforwards of Grothendieck 
groups of equivariant coherent sheaves, provided the element h acts triv- 
ially on the spaces involved. 

(d) th induces isomorphisms of completions K (Z,X) h — > K (Z,X) 1 
and G^X) h ^G^zTx\. 

5.3. The twisted equivariant Riemann-Roch theorem. We can 

now state the twisted equivariant Riemann-Roch theorem. For each 
algebraic G-space X, and each semisimple conjugacy class \I/ in G, this 
theorem gives a way to represent elements of the m^-adic completion 
of Go(G, X) by Z-equivariant cycles on X h . 

As usual, we fix \1/ and let Go(G,X) denote the m^-adic completion 
oiG {G,X). 

Theorem 5.5. For all separated G-spaces X, there is an isomorphism 

t*: Go(G, X) — > Y\^LqCH 1 z (X h ) with the following properties. 

(a) r* is covariant for proper morphisms. 

(b) Ife e K (G,X) then 

r|(e«) = ch z (t,^6))nr|(a). 

(c) If X is smooth, then ch z (th(N*)) is invertible in the infinite 
product n^Lo CH^(X h ) . If in addition X h is a scheme, and either Z 
is connected or X h has a Z -equivariant ample line bundle, then 

r${a) = ch z (t,( i ! a))ch z (t,(A_ 1 (iV;)))" 1 Td z (X ?i ). 

(d) The map is uniquely determined for G-schemes by properties 
(a) and (c). 

Remark 5.6. When X and X h are smooth schemes then both Gq(G, X) = 
Kq(G, X) and CH l z (X h ) have products. The map r* is not a ring 
isomorphism but standard properties of the Chern character imply that 
the map K (G, X) — > YliLo CH z (X h ), e i— > ch(th(i'e)) induces a ring 

isomorphism G^G^X) -> UZo CH z( xh )- 

Remark 5.7. We conjecture that is also uniquely determined by 
properties (a) and (c) for all algebraic G-spaces. However, the proof of 
uniqueness uses an equivariant version of Chow's lemma for schemes 
(Proposition and we do not know if the corresponding result holds 
for algebraic spaces. 
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Proof. Define to be the composition r^ h ot /l o(i ! ) _1 . The fact that r* 
is an isomorphism, as well as the covariance for proper morphisms, fol- 
lows because these properties hold for i\ (Theorem 14.31) . t h (Proposition 
15.41) . and r^ h (Theorem 15.11) . 

We now prove part (b). Let G C Q be an embedding of G into a 
connected reductive group such that Zq = Zq{K) is also connected and 
reductive, and such that \1/q n G — ^ . As in the proof of Theorem 
14.31 let Y = Q x G X. In the notation of that proof, the map of 

completions %\ : G(Z, X) h — > G(G,X) is defined as the composition of 
maps indft oj,, o (n \^i(N*)^ 1 ). Here 

md h : G{Z^Y) -> G^Y) = gJg^X) 

is the induction map corresponding to the inclusion Zq C Q, j* : G(Z, X h ) h = 

G(Zq, Y h ) h — > G(Zq, Y) h is the map induced by the inclusion j : Y h — > 
Y, and N e is the normal bundle to Zq/Z in Q/G. Thus, if e G 
K (G,X), then 

(i ! )- 1 (ea) = A-i^D^O-^res^ea)) 

= A_!(iV e *) f]j* ves h (e) n (j*)" 1 (res h a) 

= /enA-i^n^-^reSfca) 

= i ! en(i ! )"' 1 (a). 

The first equality holds since by Proposition I3.5[ ind/j and res^ are 

inverse isomorphisms of G(Q,Y) and G(Zq,Y) h . The second equality 
is a i^-theoretic consequence of the projection formula for the direct 
image functor j*. The third equality follows from the definition of f. 
Finally, the fourth equality follows from the fact that v and y are equal 
as maps K {G,X) = K {Q,Y) -> K {Z Q ,Y h ) = K (Z,X h ). Applying 
Theorem 15.1( b). we see that 

r|(ea) = ch(t h (re)) H r*(a), 

proving (b). 

We now prove (c). Since multiplication by A_i(iV*) is an automor- 
phism of G (Z, X h ) h , it follows that multiplication by th(\-i(N*)) is an 

automorphism of G<j(^X" fc ) r Since r| h : C7 (^X' l ) 1 -> [J^o CH^X 11 ) 
is an isomorphism, and 

rf fc (f fc (A_i(JVr)) na) = ch(t,(A_!(iV;)))r x ,(a), 

it follows that multiplication by ch(t/ l (A_i(A^*))) is an isomorphism, 
proving the first assertion. The formula for T*(a) now follows from 
Theorem 14.31 and Theorem 15.1( c) . 
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The proof of Part (d) uses equivariant Chow envelopes and will be 
deferred to Section 16.21 □ 

By taking X to be a point, we obtain the following corollary relat- 
ing completions of representation rings and Chow rings of classifying 
stacks. (By definition, the Chow ring of the classifying stack BG is the 
G-equivariant Chow ring of a point.) 

Corollary 5.8. Let G be a complex algebraic group, ^ the conjugacy 
class of a semisimple element h e G, and Z = Zq{K). The map 
R{G) — > CH l (B Z) which takes [V] to ch(t h ([resV}) induces an 

isomorphism R(G) — > Yl^Lo CH l (BZ). 

6. Equivariant envelopes and proofs of uniqueness 

In this section we use envelope arguments to prove the uniqueness 
statements Theorem 14.3( c) and Theorem 15.5( d). as well as the isomor- 
phism of completions stated in Corollary 14.5( b). 

6.1. Equivariant envelopes. 

Definition 6.1. Let X be a G-space. A proper G-equivariant map X — ► 
X is an equivariant envelope if for every G-invariant subspace W C X 
whose connected components are integral, there is a corresponding G- 
invariant subspace W <Z X, with integral connected components, such 
that the map W — > W is an isomorphism over a dense open subspace 
of W. 

If G is connected then every component of an invariant subspace is 
invariant, so it would suffice to require the existence of W for every 
G-invariant subvariety W. 

By canonical resolution of singularities for algebraic spaces (cf. |BMj ). 
every separated algebraic G-space over a field of characteristic has a 
nonsingular equivariant envelope [EG 2} Corollary 2]. 

The following lemma will be used in the proofs of Theorem 14.3( c) 
and Corollary 14.5( b). 

Lemma 6.2. Let X be a separated G-space, and let it: X — > X be an 

equivariant envelope. If h G Z[G) then the induced map X h — > X h is 
also an equivariant envelope. 

Proof. Since h is central in G, the fixed loci X h and X h are G-invariant, 
so the map n: X h — > X h is G-equivariant. Let W C X h be any G- 
invariant subspace with integral connected components, and let l^bea 
subspace of X as in Definition 16.11 To prove that X h is an equivariant 
envelope it suffices to prove that we can take W C X h . The restricted 
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map 7r: W — > W is a G-equivariant isomorphism over a dense open 
subspace of U of W. Replace W by the closure of 7T -1 (C/). Since h acts 
trivially on 7r _1 (i7) and lV h is closed, W C X ft as desired. □ 

6.1.1. Equivariant Chow envelopes. Let X be an algebraic space with 
a G-action. An equivariant envelope X — > X is an equivariant Chow 
envelope if X has a G-linearized ample line bundle. In this section we 
prove that nonsingular Chow envelopes exist in the case where X is a 
separated scheme (Proposition 16.51) . As a first step, we need an equi- 
variant version of Chow's lemma, which extends a result of Sumihiro to 
disconnected groups. Once we establish this version of Chow's lemma, 
Proposition 16.51 will follow from equivariant resolution of singularities 
and Noetherian induction. 

Proposition 6.3 (Equivariant Chow's Lemma). Let X be a reduced 
and separated G-scheme. There exists a proper G-map X' —> X such 
that X' has a G-linearized ample line bundle, and such that there is a 
dense open G-invariant subspace U C X such that 7r _1 (C/) — > U is an 
isomorphism. 

Proof of Proposition When G is connected this is proved by Sum- 
ihiro in [Sum]. In general, let Go be the identity component of G. Let 
X, A X be a proper Go-map with X' normal and quasi-projective and 
7r an isomorphism over a dense Go-invariant open set U in X. By re- 
placing U by the intersection of all all, where a runs over a set of coset 
representatives of Go in G, we may assume that U is G-invariant. Then 
the inverse image U\ of U admits a G-action (since it is isomorphic to 
U). To produce a G-equivariant Chow cover we apply a construction 
used in the proof of [Sum} Theorem 3] . 

If Y is any Go-space, let IY denote the set of all functions / : G — ► 
Y satisfying f(gg ) = g^fig) for all g G G and g G G . As a 
space, IY is isomorphic to Y r by the map taking / to (/(oi) • • • , f(a r )), 
where a\,...,a r is a collection of coset representatives of Go in G. 
(This isomorphism depends on the choice of coset representatives.) The 
group G acts on IY by the rule (g ■ f)(h) = f{g~ x h). 

If Y has a Go-equivariant ample line bundle, then IY has a G- 
equivariant ample line bundle. This follows because a Go-equivariant 
embedding of Y into induces a G-equivariant embedding of IY 
into IF N ~ (F N ) r . By Kambyashi's theorem [Kam], (F N ) r has a G- 
linearized ample line bundle and this restricts to a G-equivariant ample 
line bundle on IY. 

The projection P: IY — > Y, which takes / to /(e) is Go-equivariant. 
If in addition Y is a G-space then the map A: Y — > IY which takes 
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y G Y to the function / : G — > Y ; g i— > is a G-invariant section of 
P. In this case we denote the image of the section by Ay. 
We now return to the proof the proposition. 

The proper G -equivariant map n : Xi — > X induces a proper G- 
equivariant map In : IX\ — > IX. Let X' denote the inverse image of 
Ax under this map. Then the map X' — > Ax — X is proper and G- 
equivariant. Since U\ is a G-space, A^ ~ JJ\ embeds in X' and maps 
isomorphically to Ajj ~ U. It follows that X' — > X is an isomorphism 
over the dense open set U. Finally, there is a G-equivariant ample line 
bundle on IXi, and this restricts to a G-equivariant ample bundle on 
X'. □ 

To prove Proposition 16.51 we also need the following lemma, which 
is stated without proof in |PVj . 

Lemma 6.4. Let G be an algebraic group acting on a normal quasi- 
projective variety Y . Then there exists a G-equivariant embedding Y C 
such that the G -action is the restriction of the action o/PGLat+i 
on F N ; i.e., Y has a G-linearized ample line bundle. 



Proof of Lemma \6.4\ If G is connected then our statement is |Sumt 



Theorem 1]. Otherwise let Go be the identity component of G, and 
let Y > F N be an Go-equivariant projective embedding. As in the 
proof of Proposition 16.31 since Y is a G-space we have Y ~ Ay C IY. 
The composite embedding of Y into IF N ~ (F N ) r is G-equivariant. 
Since (F N ) r is projective, it has a G-linearized ample line bundle by 
Kambayashi's theorem [Kamj . Pulling this ample bundle back to X 
gives us our desired G-linearized ample line bundle. □ 

Proposition 6.5. If X is a separated G-scheme, then there exists an 
equivariant Chow envelope X — > X with X non-singular. 

Proof. The map X rec i — > X is an equivariant envelope, as is the nor- 
malization map. Thus we may assume that X is normal. We will 
show that there is a non-singular quasi-projective variety X' and a 
proper G-equivariant morphism X' ^ X such that n is an isomor- 
phism over a dense G-equivariant open subspace U of X. This implies 
the proposition, since by Noetherian induction we may assume there is 
an equivariant Chow envelope Y of Y = X — U, so X = X' U F ^ X 
is the desired envelope. 

By Proposition ^. 3l there is a quasi-projective scheme X\ and a proper 
G-equivariant morphism X± — > X which is an isomorphism over a dense 
open subspace of X. By canonical resolution of singularities there is 
a canonical (hence G-equivariant) resolution of singularities X' — > X\. 
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Since X' is obtained by a sequence of blowups of the quasi-projective 
scheme X±, X' is quasi-projective. The composite map X' — > X is 
an isomorphism over a dense open subspace of X. Finally, since X' 
is non-singular it has a a G-linearized ample line bundle by Lemma 
EM □ 

6.1.2. Envelopes and completions of equivariant K -theory. A crucial 
property of (equivariant) envelopes is the following: 

Lemma 6.6. Let X be a G-space and tt: X — > X a birational envelope. 
Then tt* : CH G (X) -> CH* G (X) is surjective. 

Proof. This follows from [EG 11 Lemma 3] and the corresponding fact 
for non-equivariant envelopes |Ful[ Lemma 18.3(6)] □ 

Using Riemann-Roch and this lemma, we can prove an analogous 
result on completions of equivariant Grothendieck groups: 

Proposition 6.7. Let X — > X be a G-equivariant envelope. Then for 

any h G Z{G), the proper pushforward tt*: G (G, X h ) h — > G (G, X h ) h 
is surjective. 

Proof. By Theorem 15.11 and Proposition 15.41 the diagram 
G^X% T ^ h Un=oCH G (X h ) 

TT* I TT* | 

Go(G^% T ^ h UZ CH G (X h ) 

commutes and the horizontal arrows are isomorphisms. By Lemma 
16.61 it* is surjective as a map of equivariant Chow groups. Hence tt* 
must also be surjective as a map of completed equivariant Grothendieck 
groups. □ 

6.2. Proofs of Theorem H22(c), Corollary SUKb) and Theo- 
rem [5T5](d). Suppose that there is an assignment jx- Gq(Z, X h ) h — ► 

Gq(G, X) for every G-space X which is covariant for proper morphisms 
and satisfies equation (flOl) for smooth X. Equation (fit)]) implies that 

j x a = (i'-y 1 (A_i(iV;) _1 n a) = i\a 

when X is smooth. We wish to show that jx = i\ for arbitrary X. 
Let tt: X — > X be a G-equivariant envelope with X non-singular. By 

Proposition 16.71 tt* : G (Z, X h ) h — > G (Z, X h ) h is surjective. By co- 
variance, jx{n*a) = TT*j x a - Since j x = i\ as maps Gq(Z, X h ) h — > 
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Gq(G,X), it follows from covariance of i\ that Tr*j x at = i\ir t a. Hence 
jx = i\ completing the proof of Theorem 14.3( c). 

To prove part (b) of Corollary 14.51 we use a similar argument. First 
observe that since i\ is an isomorphism which is covariant for proper 

morphisms, Proposition l6.7l implies that the pushforward 7r* : Gq(G, X) 

G (G,X) is surjective. Consider, for each G-space X, the map o 

res^: G (G, X) — > G (Z, X h ) h . This map is covariant for proper mor- 
phisms. When X is smooth, equation ({TO]) implies that is the 
map 

a i-> A_i(iV*) fl i*(resh a) = (i*)' 1 o resh(a), 

i.e., that o res^ = Using the same argument as in the 

previous paragraph, we conclude that ° res^ = (^i) -1 as maps 

Gq{G, X) — > Gq(Z, X h ) h for arbitrary X. Since z„ and zi are isomor- 
phisms, it follows that res^: Go(G,X) — > Go(Z,X) h is also an isomor- 
phism. 

We conclude with a proof of Theorem 15.5( d). the uniqueness of the 
functor T*. If X is a G-scheme, then by Proposition 16.31 there is a non- 
singular equivariant Chow envelope X — > X. If there is a functor r' 
such that t' satisfies properties (a) and (c), then r' = r* on the smooth 
quasi-projective scheme X. Arguing as above shows that r' = for 
arbitrary X. 
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